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Abstract. We establish moment and mixed-tail inequalities for fixed-order decoupled homo-
geneous chaoses generated by independent, centered, sparse bounded random variables. Our
bounds apply to arbitrary real rectangular coefficient tensors and describe the fluctuation scales
through weighted slice and partition norms, with a Bennett-type logarithmic improvement in the
largest-entry term. As an application, we derive guarantees for sparse Khatri–Rao embeddings
that explicitly account for sparsity and input geometry.

1. Introduction and main results

Concentration inequalities quantify how far a random quantity can deviate from its mean
or another typical value. They provide tools for controlling estimation error, studying random
matrices, and choosing sample sizes in randomized algorithms [35, 10, 43]. For nonlinear
statistics, the useful bounds must reflect both the input distributions and the structure of the
function being studied. Polynomials of independent variables are an important example: they
include subgraph counts in random graphs and many estimators built from random vectors.
Concentration and large deviations for random graph polynomials have been studied, among
others, by Kim and Vu [29], Chatterjee [12, 13], and Lubetzky and Zhao [36].

Much of the theory of polynomial concentration proceeds through Lr-moment estimates, from
which tail bounds follow by Markov’s inequality. For sums of independent variables, Montgomery-
Smith [37] obtained tail estimates in the Rademacher case. Gluskin and Kwapień [21] and
Hitczenko, Montgomery-Smith, and Oleszkiewicz [26] obtained sharp estimates for symmetric
summands with log-concave and log-convex tails, respectively. More generally, Lata la [32]
established sharp moment estimates for sums of independent nonnegative or symmetric random
variables. For quadratic forms in independent centered sub-Gaussian variables, the Hanson–
Wright inequality [23, 40] expresses concentration in terms of the Frobenius and operator norms
of the coefficient matrix. Further results on the concentration of quadratic forms can be found
in [33, 45, 1, 30, 15].

Beyond quadratic forms, Lata la [34] obtained sharp moment estimates for Gaussian chaoses
of arbitrary order, using tensor partition norms. For symmetric inputs with log-concave tails,
Adamczak and Lata la [2] obtained sharp bounds for chaoses of order at most three and for
exponential chaoses of arbitrary order. Kolesko and Lata la [31] developed the corresponding
moment theory for log-convex tails. For general polynomials, Adamczak and Wolff [4] developed
bounds in terms of derivative tensors, and Götze, Sambale, and Sinulis [22] obtained multilevel
concentration inequalities for independent α-sub-exponential inputs. Related moment inequalities
for U -statistics and general functions of independent variables can be found in [20, 9, 41].
Alongside these results, concentration inequalities for simple random tensors were established
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by Vershynin [44] and Bamberger, Krahmer, and Ward [6]. Adamczak, Lata la, and Meller [3]
obtained moment and tail estimates for Banach-valued Gaussian chaoses.

Sparsity introduces information that bounds based only on uniform or global Orlicz norms
can miss. For inputs Xi = δiξi, where δi ∼ Bernoulli(pi), the probabilities pi should enter the
coefficient scales. Dai and Wang [17] incorporated these probabilities into partition norms of
expected derivative tensors and obtained moment and tail bounds for general sparse polynomials
with α-sub-exponential amplitudes, 0 < α ≤ 1. Their estimates provide the input to the present
work. Here we use boundedness to obtain an additional Bennett-type logarithmic correction.

The benefit of adapting to sparsity is already visible for a sum. Let δ1, . . . , δn be independent
Bernoulli(p) variables, with 0 < p < 1, and put S =

∑
i(δi − p) and v = np(1 − p). Hoeffding’s

inequality [27] and Bennett’s inequality [7] give, respectively,

P(S ≥ t) ≤ exp(−2t2/n), P(S ≥ t) ≤ exp(−vh(t/v)), t > 0,

where h(u) = (1+u) log(1+u)−u. When p→ 0, np→ ∞, and t ≍ np, the two decay exponents
have orders np2 and np. Thus Bennett’s bound improves the exponent by a factor of order
p−1 in this sparse regime. This comparison illustrates the importance of the variance scale.
Bennett’s rate also captures a further improvement at larger deviations: since h(u) ∼ u log u
as u → ∞, its exponent has order t log(t/v) when t ≫ v, whereas Bernstein’s bound gives an
exponent of order t.

For quadratic forms, Zhou [46] initiated the study of the Hanson–Wright inequality for sparse
sub-Gaussian random vectors. He, Wang, and Zhu [25] established sparse Hanson–Wright
inequalities and obtained a Bennett-type logarithmic gain through a combinatorial moment
argument. Further results on sparse quadratic and bilinear forms and related missing-data models
can be found in [47, 38, 16]. Our aim is to obtain such a gain for sparse chaoses of arbitrary
fixed order. We prove explicit moment and tail bounds for decoupled homogeneous chaoses with
arbitrary real coefficient tensors and independent centered bounded inputs satisfying coordinate-
dependent second-moment bounds. The new improvement concerns the largest-entry term; the
other terms match the weighted slice and partition scales supplied by Dai and Wang [17].

Application. For simplicity, consider order-d tensors with equal mode dimensions ns = n.
A dense random projection acts on vectors of length nd, which can make both storage and
multiplication expensive. A Khatri–Rao map represents each row as a tensor product of d short
vectors. Sparse factors make this representation cheaper to store and apply. For a rank-one
input supplied through its factors, the expected computational cost drops from O(Mdn) with
dense factors to O(Md[np+ 1]), where M is the number of sketch rows and p is the probability
that a factor entry is nonzero. The key question is whether this saving per row survives the
additional rows needed to preserve norms with the same accuracy and success probability.

Sparse Khatri–Rao sketches have been studied previously. Sun, Guo, Tropp, and Udell [42]
introduce tensor random projections and discuss sparse sign factors. Chen and Jin [14] analyze
normalized products of Bernoulli and sub-Gaussian variables, including the two-factor sparse-
sign construction studied here. They prove finite-set, subspace, and constrained least-squares
guarantees. Rakhshan and Rabusseau [39] study Gaussian projections in rank-one, sums-of-
rank-one, and tensor-train forms. Ahle and Knudsen [5] establish strong Johnson–Lindenstrauss
moment guarantees for tensor-product sketches. For subspaces, Bujanović, Grubǐsić, Kressner,
and Lam [11] treat two Gaussian factors, while Beretta and Musco [8] obtain nearly linear
dependence on the subspace dimension for arbitrary fixed tensor order, using independent
isotropic factors with uniformly bounded sub-Gaussian norm.

Our contribution is a sharper, input-dependent analysis of these sparse maps. We identify
tensors whose energy is sufficiently spread across entries, slices, and singular directions that
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sparse factors achieve a dense-scale measurement bound. For two-factor rank-one inputs with no
dominant coordinate in either factor, we also show when taking p = o(1) reduces the sufficient
computational cost, at the same accuracy and success probability, compared with the bounds of
Chen and Jin [14]. Section 2 gives explicit input conditions and flop comparisons.

Beyond randomized numerical linear algebra, we expect our inequalities to be useful for
studying subgraph counts in sparse random graphs and hypergraphs, a classical setting for
polynomial concentration and upper-tail problems [28, 19, 24]. We leave these developments to
future work.

Notation. For an integer m ≥ 1, write [m] = {1, . . . ,m}, and adopt the convention that empty
products equal one. For real numbers a, b, write a∨b = max{a, b}. Unless otherwise specified, the
letters C, c > 0 denote constants whose values may change from line to line; subscripts indicate
their permitted parameter dependence. We write f ≲α g if f ≤ Cαg, f ≍α g if both comparison
inequalities hold, and use Oα(·) with the same convention; omitted subscripts indicate universal
constants. The notation f ≪ g means that f/g is sufficiently small in the stated regime. For a

finite array T = (tα), set ∥T∥F =
(∑

α |tα|
2
)1/2

and ∥T∥∞ = maxα |tα| . For a matrix B = (bij),

let ∥B∥op denote its Euclidean operator norm and set ∥B∥2,∞ = maxi

(∑
j |bij |

2
)1/2

. For a

random variable Y and r ≥ 1, write ∥Y ∥Lr
= (E |Y |r)1/r . Throughout the paper, ℓ(x) = 1+log x

for x ≥ 1.

1.1. Bennett-type inequalities for chaoses. Fix an order d ≥ 1 and dimensions n1, . . . , nd,
and write

i = (i1, . . . , id), ai = ai1,...,id ,

and consider the decoupled homogeneous polynomial chaos of order d:

ZA(X) :=
∑

i∈[n1]×···×[nd]

ai

d∏
s=1

X
(s)
is
.

Here A = (ai) is a deterministic rectangular d-tensor, and X = (X
(s)
i )s∈[d], i∈[ns] is a mutually

independent family satisfying

EX(s)
i = 0,

∣∣∣X(s)
i

∣∣∣ ≤ 1 a.s., E
(
X

(s)
i

)2 ≤ p
(s)
i , 0 < p

(s)
i ≤ 1.(1)

Here homogeneous means that every monomial has degree d, and decoupled means that its d

factors come from independent input vectors. For example,
∑

i,j aijX
(1)
i X

(2)
j is a decoupled

quadratic form. The numbers p
(s)
i are upper bounds on second moments. A basic example

is X
(s)
i = δ

(s)
i ε

(s)
i , where δ

(s)
i ∼ Bernoulli(p

(s)
i ) are Bernoulli random variables and ε

(s)
i are

Rademacher random variables.
Before stating the main theorem, we introduce notation of tensor norms consistent with

[17, 22]. For I ⊆ [d], write Ic = [d] \ I and iI = (is)s∈I . For a given d-tensor A, we use

AiIc := (ai)iIc

for the slice obtained by fixing the coordinates in I and allowing those in Ic to vary. Thus the
subscript records the free coordinates; the fixed coordinates are understood from context. When
I = ∅, the slice is the full tensor A, and the maximum over fixed indices is omitted. For any
finite set S, let Π(S) be the set of partitions of S, with the convention that Π(∅) = {∅}.
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For U ⊆ [d] and J = {J1, . . . , Jm} ∈ Π(U), write |J | = m for its number of blocks. If
T = (tiU ) is a U -tensor, define the partition norm associated with J by

∥T∥J := sup

∑
iU

tiU

m∏
q=1

x
(q)
iJq

:
∥∥∥x(q)∥∥∥

2
≤ 1, q ∈ [m]

 .

For U = ∅, this norm is the absolute value of the scalar. The one-block and singleton partitions
give the Frobenius and injective multilinear norms, respectively. For a matrix, these are precisely

∥A∥{{1,2}} = ∥A∥F , ∥A∥{{1},{2}} = ∥A∥op .

More generally, a two-block partition is an operator norm after reshaping the tensor as a matrix.
Partition norms thus extend familiar matrix norms by specifying which indices are grouped
together.

For I ⊆ [d] and J ∈ Π(Ic), define the weighted slice norm MI,J (A) and, for r ≥ 2, the
associated moment scale ∆I(A; r) by

(2)
MI,J (A) := max

iI

∥∥∥∥∥∥
(
ai
∏
s∈Ic

√
p
(s)
is

)
iIc

∥∥∥∥∥∥
J

,

∆I(A; r) := max
J∈Π(Ic)

r |I|+|J |/2MI,J (A).

We omit the dependence on the variance proxies p
(s)
i from the notation. In particular, M[d],∅(A) =

∥A∥∞, and ∆[d](A; r) = rd ∥A∥∞ has the highest order in r.
The definition has a useful interpretation: fix the coordinates in I, multiply each remaining

coordinate by its standard-deviation bound

√
p
(s)
i , and take a familiar Euclidean or operator

norm of the resulting slice. Each fixed coordinate contributes a factor r to the moment estimate;
each block of free coordinates contributes

√
r. For a matrix and a common variance bound p for

all input coordinates, the four resulting scales are

√
r p ∥A∥F , rp ∥A∥op , r3/2

√
pmax

{
∥A∥2,∞ ,

∥∥∥AT
∥∥∥
2,∞

}
, r2 ∥A∥∞ .

Only the last scale receives the logarithmic correction in the theorem.
Write mA = ∥A∥∞. For 1 ≤ k ≤ d, collect the scales with k free coordinates:

(3) Bk(A; r) = max
I⊆[d]
|Ic|=k

∆I(A; r), λA(r) = 1 ∨ min
1≤k≤d

(
rdmA

Bk(A; r)

)2/k

.

Also set B0(A; r) = ∆[d](A; r) = rdmA. The quantity λA(r) then measures how far the largest-

entry contribution rdmA exceeds the other associated moment scales.

Theorem 1.1 (Bennett-type moment bound). For d ≥ 1, let A be a nonzero real d-tensor, and

let the mutually independent family X = (X
(s)
i )s∈[d], i∈[ns] satisfy (1). For every r ≥ 2,

(4) ∥ZA(X)∥Lr
≲d max

1≤k≤d
Bk(A; r) +

rdmA

ℓ(λA(r))d
.

The first term of (4) collects the usual weighted slice and partition scales. When λA(r) > 1,
the largest-entry contribution dominates, and the bound simplifies to

(5) ∥ZA(X)∥Lr
≲d

rdmA

ℓ(λA(r))d
.
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Indeed, λA(r) > 1 implies Bk(A; r) ≤ rdmAλA(r)−k/2, and these terms are absorbed into the
right-hand side up to a constant depending only on d. The gain over rdmA grows with λA(r).
Next, we state the tail inequality that follows directly from the moment bounds in Theorem 1.1.

Corollary 1.2 (Bennett-type tail bound). Under the assumptions of Theorem 1.1, write
κI,J = |I| + |J | /2 and, for t > 0, set

(6) ηA(t) = 1 ∨ min
I⊊[d]

J∈Π(Ic)

[
mA

MI,J (A)

(
t

mA

)1−κI,J /d
]2/|Ic|

.

Then

(7) P (|ZA(X)| ≥ t) ≤ 2 exp

−cd min

 min
I⊊[d]

J∈Π(Ic)

(
t

MI,J (A)

)1/κI,J

,

(
t

mA

)1/d

ℓ(ηA(t))


 .

For Bernoulli random variables times independent bounded amplitudes, the terms Bk(A; r),
1 ≤ k ≤ d, match the corresponding scales in the moment estimates of Dai and Wang [17], up to
constants depending only on d.

Both Theorem 1.1 and Corollary 1.2 concern decoupled chaoses. Our proof uses the sparse-
exponential moment estimate of Dai and Wang in this setting, recorded in Lemma 3.3. The
new feature of Theorem 1.1 is the logarithmic improvement of the largest-entry contribution,
replacing rdmA by rdmA/ℓ(λA(r))d, without changing the other scales. Correspondingly, the

logarithm in (7) improves the largest-entry rate (t/mA)1/d when ηA(t) is large.

Extensions. Two extensions are recorded in Appendix A. First, standard decoupling [18]
transfers the bounded-input estimates, including the logarithmic improvement, to diagonal-free
non-decoupled chaoses. This includes the quadratic form below. Second, we extend the Bennett-
type moment bounds to sparse α-sub-exponential inputs with 1 < α ≤ ∞, in both decoupled
and non-decoupled form. The logarithmic power is determined by β = 1 − 1/α, with α = ∞
recovering the bounded case.

Below, we unpack the main result in the cases d = 1, 2, 3. After recalling the familiar
degree-one bound, we focus on the quadratic and cubic moment bounds in the regimes where
the logarithmic correction is effective, together with explicit tail bounds valid for every t > 0.
The tail bounds use the thresholds γ2(A) and γ3(A) defined below to express the logarithmic
correction without an additional parameter.

The linear case (d = 1). For S =
∑

i aiXi, consider V 2 :=
∑

i a
2
i pi > 0 and amax := maxi |ai|.

The theorem recovers, up to universal constants, the moment bound implied by Bennett’s
inequality [7]:

(8) ∥S∥Lr
≲

√
r V +

ramax

ℓ(1 ∨ ra2max/V
2)
, r ≥ 2.

The quadratic case (d = 2). The following Bennett-type moment and tail bounds give a sparse
analogue of the classical Hanson–Wright inequality [40] for bounded inputs. For nonnegative
coefficient matrices, the comparison below shows how these bounds refine the corresponding
estimates of He, Wang, and Zhu [25].

Corollary 1.3 (Quadratic Bennett bounds). Let A ∈ Rn×n be a nonzero symmetric matrix
with zero diagonal entries. Let X1, . . . , Xn be independent and centered random variables with
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|Xi| ≤ 1 and EX2
i ≤ pi ∈ (0, 1]. Set mA = ∥A∥∞, Dp = diag(

√
p1, . . . ,

√
pn), and

γ2(A) = max

{
∥ADp∥22,∞

m2
A

,

(∥DpADp∥F
mA

)2/3

,
∥DpADp∥op

mA

}
.

For every r ≥ max{2, e γ2(A)},

(9)
∥∥∥XTAX

∥∥∥
Lr

≲
r2mA

[1 + log(r/γ2(A))]2
.

Moreover, for every t > 0,

(10)

P
(∣∣∣XTAX

∣∣∣ ≥ t
)
≤ 2 exp

[
− cmin

{
t2

∥DpADp∥2F
,

t

∥DpADp∥op
,(

t

∥ADp∥2,∞

)2/3

,

√
t

mA
ℓ

(
1 ∨

√
t/mA

γ2(A)

)}]
.

For nonnegative A, the two intermediate scales for inputs of the form Xi = δiξi, with
independent Bernoulli random variables δi and centered amplitudes ξi bounded by one, improve
on the weighted row-sum control in He, Wang, and Zhu [25, Lemma 6.3]. Indeed, with
γ = maxi

∑
j ̸=i aijpj ,

∥ADp∥22,∞ ≤ ∥A∥∞ γ, ∥DpADp∥op ≤ γ.

The first inequality uses a2ij ≤ ∥A∥∞ aij ; the second follows because DpADp is similar to the

nonnegative matrix AD2
p, whose spectral radius is at most its largest row sum. Thus both

the row-norm and operator-norm terms in γ2(A) are bounded by γ/ ∥A∥∞, the corresponding
parameters in [25]. The Frobenius contribution is unchanged, while the row and operator scales
are no larger and can be strictly smaller.

The cubic case (d = 3). For simplicity, take n1 = n2 = n3 = n and let A ∈ Rn×n×n. Write

∥A∥inj = sup
∥x∥2,∥y∥2,∥z∥2≤1

∣∣∣∑
i,j,k

aijkxiyjzk

∣∣∣
for its injective norm. The random variable of interest is the cubic chaos

ZA(X) =
n∑

i,j,k=1

aijkX
(1)
i X

(2)
j X

(3)
k ,

where all coordinates of the three input vectors X(s) = (X
(s)
i )ni=1, s = 1, 2, 3, are mutually

independent, centered, and bounded in absolute value by one. For simplicity, assume all
coordinates share a single variance upper bound p ∈ (0, 1]:

Var(X
(s)
i ) = E

[
(X

(s)
i )2

]
≤ p, i = 1, . . . , n, s = 1, 2, 3.

Corollary 1.4 (Cubic Bennett bounds). Suppose that the assumptions of Theorem 1.1 hold

with d = 3 and n1 = n2 = n3 = n, and that p
(s)
i = p ∈ (0, 1] for all s ∈ [3] and i ∈ [n]. Set

mA = ∥A∥∞ and define

V1 =
√
pmax
s∈[3]

max
i{s}c

∥∥∥Ai{s}

∥∥∥
2
, V2 = pmax

s<u
max
i{s,u}c

∥∥∥Ai{s,u}

∥∥∥
F
,

W2 = pmax
s<u

max
i{s,u}c

∥∥∥Ai{s,u}

∥∥∥
op
, V3 = p3/2 ∥A∥F ,

W3 = p3/2 max
s∈[3]

∥A∥{{s},[3]\{s}} , I3 = p3/2 ∥A∥inj .
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Define

(11) γ3(A) = max

{(
V1
mA

)2

,

(
V2
mA

)2/3

,
W2

mA
,

(
V3
mA

)2/5

,

(
W3

mA

)1/2

,

(
I3
mA

)2/3
}
.

For every r ≥ max{2, e γ3(A)},

(12) ∥ZA(X)∥Lr
≲

r3mA

[1 + log(r/γ3(A))]3
.

Moreover, for every t > 0,

(13)

P (|ZA(X)| ≥ t) ≤ 2 exp

[
− cmin

{(
t

V1

)2/5

,

(
t

V2

)2/3

,

(
t

W2

)1/2

,

t2

V 2
3

,
t

W3
,

(
t

I3

)2/3

,

(
t

mA

)1/3

ℓ

(
1 ∨ (t/mA)1/3

γ3(A)

)}]
.

Here Ai{s} is a vector obtained by fixing the other two coordinates, while Ai{s,u} is a matrix

obtained by fixing the remaining coordinate. The two-block norm ∥A∥{{s},[3]\{s}} is the operator

norm of the matrix with mode s indexing rows and the other two modes indexing columns. Here
V1 measures fibers, V2,W2 measure matrix slices, and V3,W3, I3 measure the full tensor.

Proof overview. The proof of Theorem 1.1 compares the original chaos with a larger one whose
moments can be estimated using known results. We build this comparison chaos from sums
of independent sparse exponential random variables with random signs. Expanding the sums
repeats each tensor coefficient without changing its value; we call this construction replication.

For a simple example, start with the linear form aX1 + bX2. Suppose X1, X2 are independent
and centered, with |Xj | ≤ 1 and EX2

j ≤ pj ∈ (0, 1]. Define the reference variables by

Yi = δiεiEi, i = 1, . . . , 4,

where δ1, δ2 ∼ Bernoulli(p1) and δ3, δ4 ∼ Bernoulli(p2) are Bernoulli random variables, the εi
take the values ±1 with equal probability, and Ei ∼ Exp(1) have mean one. All these factors are
mutually independent. Thus each Yi is zero or a randomly signed exponential random variable.
We compare aX1 + bX2 with

a(Y1 + Y2) + b(Y3 + Y4).

The coefficient vector changes from (a, b) to (a, a, b, b). Its largest absolute entry is unchanged,
whereas its Euclidean norm grows by a factor of

√
2.

Why can this help? More generally, for an integer N ≥ 1, take N copies of Y1 for the first
input and N copies of Y3 for the second, with all copies mutually independent. Write S1, S2 for
these two sums. The estimate follows in two steps. First, for an even integer r ≥ 2, the moment
comparison in Lemma 3.2 gives

∥aX1 + bX2∥Lr
≤ 2

√
e

1 + logN
∥aS1 + bS2∥Lr

.

Second, aS1 + bS2 is a sum of independent random variables with variance 2N(a2p1 + b2p2).
The standard Bernstein moment estimate, also the degree-one case of Lemma 3.3, gives

∥aS1 + bS2∥Lr
≤ C

[√
Nr(a2p1 + b2p2) + rmax{|a|, |b|}

]
.
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Combining the two bounds and rounding r up to the next even integer gives, for every r ≥ 2,

∥aX1 + bX2∥Lr
≤ C

√
Nr(a2p1 + b2p2) + rmax{|a|, |b|}

1 + logN
.

For (a, b) ̸= (0, 0), the choice N =
⌈
rmax{a2,b2}
a2p1+b2p2

⌉
balances the two numerator terms up to a

universal constant and gives

∥aX1 + bX2∥Lr
≤ Crmax{|a|, |b|}

1 + log

(
rmax{a2, b2}
a2p1 + b2p2

) , r ≥ 2.

Since the argument of the logarithm is at least one, this makes the logarithmic improvement of
the largest-entry term explicit. For an order-d chaos, using N copies in each mode gives the
divisor (1 + logN)d, with the cost of repetition measured by the weighted slice and partition
norms; the details are given in Section 3.

2. Sparse Khatri–Rao embeddings

We apply our concentration inequalities to sparse Khatri–Rao sketches. Sparsity reduces
the cost per measurement for rank-one inputs, but may require more measurements. Our
input-dependent bounds identify when this tradeoff lowers the total computational cost at fixed
accuracy and success probability.

2.1. Construction and computational cost. Throughout this section, take ns = n in every
mode and write N = nd. We identify RN with Rn×···×n, so vector Euclidean norms are tensor
Frobenius norms. Our goal is a random map Φ ∈ RM×N that approximately preserves the norm
using M ≪ N measurements. For a fixed pair of tensors x, y, linearity gives Φx−Φy = Φ(x− y).
Applying a relative-error guarantee for squared norms to x− y therefore preserves their squared
distance, with the same success probability:

(1 − ε) ∥x− y∥2F ≤ ∥Φx− Φy∥22 ≤ (1 + ε) ∥x− y∥2F .

A Khatri–Rao sketch represents each row as a tensor product of short vectors. This represen-
tation avoids forming a length-nd row and, for a rank-one input, reduces each measurement to a
product of d short inner products. The same idea is used in the tensor random projections of
Sun, Guo, Tropp, and Udell [42] and the tensor-structured sketches of Chen and Jin [14]. We
make the factors sparse to further reduce storage and arithmetic work. Fix a common sampling
probability p ∈ (0, 1] and a number of sketch rows M ≥ 1. For s ∈ [d], m ∈ [M ], and i ∈ [n], let

the variables ξ
(s)
mi be mutually independent, with

P{ξ(s)mi = 1} = P{ξ(s)mi = −1} =
p

2
, P{ξ(s)mi = 0} = 1 − p.

Write ξ
(s)
m = (ξ

(s)
mi)

n
i=1 ∈ Rn. The sketching matrix Φ ∈ RM×N has rows

Φm,: =
1√
Mpd

(
ξ(1)m ⊗ · · · ⊗ ξ(d)m

)T
, m ∈ [M ].

On an order-d tensor x = (xi), this map acts by

(14) (Φx)m =
1√
Mpd

∑
i∈[n]d

xi

d∏
s=1

ξ
(s)
mis

, m ∈ [M ].
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We represent Φ through its Md many length-n factor vectors, without forming the full
sketching matrix. These vectors have Mdn coordinates in total, of which Mdnp are nonzero on
average.

For a rank-one input x = u(1) ⊗ · · · ⊗ u(d), we can apply the map without forming its full
rows, since

(Φx)m =
1√
Mpd

d∏
s=1

(
n∑
i=1

ξ
(s)
miu

(s)
i

)
.

Each inner product uses only sampled coordinates, giving the expected computational cost

(15) O(Md(np+ 1)) flops.

For np ≥ 1, sparsity saves a factor of order p per row; the next result controls how many rows
are needed.

2.2. Input geometry and embedding guarantees. The normalization in (14) gives

(16) E ∥Φx∥22 = ∥x∥2F .

The correct mean alone does not ensure concentration: a large entry of x may be sampled rarely
and then make a large contribution. Our bound accounts for this through the input geometry :
the fractions of the squared Frobenius norm carried by one entry, one slice, or one singular
direction of a matrix flattening of a slice. These are properties of the fixed input, unchanged by
rescaling; they contain more information than its number of nonzero entries.

We use the largest-entry, slice Frobenius, and flattening operator norms to measure these
features. Recall that xiU is the slice with the modes in U free and the other coordinates fixed.
For a nonempty proper subset V ⊂ U , its two-block norm ∥xiU ∥{V,U\V } is the operator norm of

the matrix with modes in V indexing rows and those in U \ V indexing columns.
For fixed tensor x ̸= 0 and failure probability 0 < δ < 1, set

q := 2 log(e2/δ).

Then q ≍ log(2/δ), and ∥·∥Lq
will be the highest moment norm for each row of the sketching

matrix that we need to control. Define the entry scale a0 and the k-mode slice scales ak,
1 ≤ k ≤ d, by

a0 =
q2d−1 ∥x∥2∞

pd
,

ak =

(
q2

p

)d−k
max
U⊆[d]
|U |=k

{
max
iUc

∥xiU ∥
2
F + qk−1 max

iUc

∅̸=V ⊊U

∥xiU ∥
2
{V,U\V }

}
.

The second term is zero for k = 1; no coordinates are fixed when k = d. Suppressing the
dependence of ak on x, δ, p, set

(17)

ρx(δ) = 1 ∨ min
1≤k≤d

(
a0
ak

)1/k

,

Gx(δ) =
1

∥x∥2F
max

{
a1, . . . , ad,

a0
[1 + log ρx(δ)]2d

}
.

The dependence of Gx(δ) and ρx(δ) on the sampling probability p is suppressed in the notation.
The logarithmic divisor reduces the largest-entry contribution; the remaining terms measure
concentration of energy in slices and singular directions.



10 GUOZHENG DAI, YIYUN HE, KE WANG, AND YIZHE ZHU

The central quantity is Gx(δ): it summarizes the input geometry at sampling probability p
and failure probability δ. Smaller Gx(δ) means fewer measurements suffice.

For d = 2, write the input as a matrix X. The scales then involve only familiar matrix norms:

a0 =
q3 ∥X∥2∞

p2
,

a1 =
q2

p
max

{
∥X∥22,∞ ,

∥∥∥XT
∥∥∥2
2,∞

}
,

a2 = ∥X∥2F + q ∥X∥2op .

Here the entry and row/column norms measure how much energy can lie in one entry, row,

or column. The ratio ∥X∥2op / ∥X∥2F is the fraction of the total energy carried by the largest
singular value.

The following proposition gives the guarantee for one tensor and for all tensors in a fixed
subspace simultaneously.

Proposition 2.1 (Sparse Khatri–Rao embedding). Let 0 < δ < 1. For every nonzero tensor x,

(18) P

(∣∣∣∣∣∥Φx∥22
∥x∥2F

− 1

∣∣∣∣∣ > CdGx(δ)

{√
log(2/δ)

M
+

log(2/δ)

M

})
≤ δ.

Consequently, for 0 < ε ≤ 1,

(19) M ≥ CdGx(δ)2ε−2 log
2

δ

implies

P

(∣∣∣∣∣∥Φx∥22
∥x∥2F

− 1

∣∣∣∣∣ > ε

)
≤ δ.

Let W be a fixed k-dimensional linear subspace of Rn×···×n, and suppose that

sup
x∈W\{0}

Gx

(
δ

9k

)
≤ G.

Then, for 0 < ε ≤ 1, M ≥ CdG
2ε−2

(
k + log 2

δ

)
implies, with probability at least 1 − δ,

(1 − ε) ∥x∥2F ≤ ∥Φx∥22 ≤ (1 + ε) ∥x∥2F , ∀x ∈W.

For the subspace guarantee, the argument δ/9k accounts for a union bound over a 1/4-net of
the unit sphere of W , with at most 9k points.

2.3. Inputs that tolerate sparsification. Proposition 2.1 gives a smaller sufficient row count
when Gx(δ) is smaller. Recall that q = 2 log(e2/δ) is the highest order moment we consider.
The first two examples keep Gx(δ) bounded by spreading energy across coordinates and singular
directions. The final, order-three example shows when the logarithmic correction improves the
sufficient row count.
Spread-out matrices. For a nonzero matrix X, it is enough to have

∥X∥2∞
∥X∥2F

≤ p2

q3
,

max{∥X∥22,∞ ,
∥∥XT

∥∥2
2,∞}

∥X∥2F
≤ p

q2
,

∥X∥2op
∥X∥2F

≤ 1

q
.

These conditions limit the energy in each entry, row or column, and singular direction. They
give a0, a1 ≤ ∥X∥2F and a2 ≤ 2 ∥X∥2F, so

GX(δ) ≤ 2, M ≳ ε−2 log(2/δ) is sufficient.
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The entrywise condition is sufficient but not necessary: the logarithmic correction can accommo-
date larger entries.

A concrete example is X = H/n, where n is a power of two and H ∈ {−1, 1}n×n is a Sylvester
Hadamard matrix, so HHT = nI. Then

∥X∥2F = 1, ∥X∥2∞ =
1

n2
, ∥X∥22,∞ =

∥∥∥XT
∥∥∥2
2,∞

= ∥X∥2op =
1

n
.

All three conditions hold whenever np ≥ q2. At fixed δ, we may therefore take p = q2/n → 0
without increasing the sufficient row-count scale.

Diagonal tensors and subspaces. For an example valid for every d ≥ 2, let xj,...,j = h−1/2,
1 ≤ j ≤ h, and all other entries be zero, where h ≤ n. Then ∥x∥F = 1, every proper slice has

at most one nonzero entry, and every nontrivial matrix flattening has operator norm h−1/2.
Substitution gives

hpd ≥ q2d−1 =⇒ ρx(δ) = 1, Gx(δ) = 1 +
qd−1

h
< 2.

Here hpd is the expected number of sampled diagonal entries per row. Under this condition, the
sufficient row count remains M = Od(ε

−2 log(2/δ)), even if p→ 0.
For n ≥ kh, let ei denote the i-th standard basis vector in Rn, and define

x(ℓ) =
1√
h

h∑
j=1

e⊗d(ℓ−1)h+j , ℓ ∈ [k].

The tensor x(ℓ) uses only the coordinates (ℓ− 1)h+ 1, . . . , ℓh in every mode. These tensors are

orthonormal, so W = span{x(1), . . . , x(k)} has dimension k. Suppose that

hpd ≥ (q + 2k log 9)2d−1.

Every unit tensor x =
∑k

ℓ=1 cℓx
(ℓ) ∈W satisfies

∑k
ℓ=1 c

2
ℓ = 1, hence |cℓ| ≤ 1. Its entries, proper

slices, and nontrivial matrix flattenings therefore satisfy the same norm bounds as above, giving
Gx(δ/9k) < 2. Proposition 2.1 gives a subspace embedding with probability at least 1 − δ and

M = Od
(
ε−2[k + log(2/δ)]

)
.

Overlapping-window tensors: a logarithmic gain. The preceding examples have ρx(δ) = 1.
For a genuinely coupled order-three example, take K = ⌈q4⌉ and any integer b ≥ 2. Set n = Kb,
p = 1/b, and let Ii = {i, . . . , i+ b− 1}, with indices interpreted cyclically modulo n. Define

xijk =
1{j,k∈Ii}

b
√
n

, ∥x∥F = 1.

Each fixed first coordinate supports a b× b window; overlapping windows couple the three modes.
The maximum squared fiber norm is 1/(bn), and the maximum squared slice Frobenius and
operator norms are both 1/n. To compute the full-flattening norms, first put the first mode in

the rows. The Gram matrix has entries |Ii ∩ Ii′ |2 /(b2n) and constant row sum

b2 + 2
∑b−1

t=1 t
2

b2n
=

2b2 + 1

3bn
.

Putting either of the other modes in the rows gives a Gram matrix with constant row sum b/n.
These Gram matrices are entrywise nonnegative, so their operator norms equal their row sums.
The maximum squared operator norm of a full flattening is therefore b/n = 1/K. Hence

(a0, a1, a2, a3) =
1

K

(
q5, q4, q2(1 + q),K + q2

)
.
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In particular, no full flattening concentrates more than a fraction 1/K of the energy in one
singular direction. The scales above give

ρx(δ) =

(
q5

K + q2

)1/3

≍ q1/3, Gx(δ) ≍ max{1, q/ℓ(q)6}.

Proposition 2.1 therefore guarantees relative squared-norm error at most ε with probability at
least 1 − δ whenever

(20) M ≥ Cε−2 max{q, q3/ℓ(q)12}.

Without the logarithmic correction, the entry scale would give Gx(δ) ≍ q and the sufficient row
bound M ≥ Cε−2q3. Thus the correction improves this row bound by a factor of order ℓ(q)12

as q → ∞, or equivalently as δ ↓ 0. At fixed δ, increasing b makes p = 1/b smaller without
changing ρx(δ) or Gx(δ); the logarithmic gain grows with the confidence requirement, not with
this decrease in p.

2.4. Comparison of computational costs. Fix an order d ≥ 2, a mode dimension n ≥ 2, a
deterministic nonzero rank-one input x = u(1)⊗· · ·⊗u(d), and 0 < ε ≤ 1, 0 < δ < 1. Throughout
this comparison, assume np ≥ 1. The common target is

(21) P

(∣∣∣∣∣∥Φx∥22
∥x∥2F

− 1

∣∣∣∣∣ ≤ ε

)
≥ 1 − δ.

We compare sufficient computational cost bounds for this fixed input. In the cost model above,
each sparse row uses O(dnp) expected flops. Combining this with (19) gives our sufficient cost
Od(npGx(δ)2ε−2 log(2/δ)).

Chen–Jin [14]: the same sparse construction. For this comparison, take d = 2 and write
x = u⊗ v. The proof of Chen–Jin’s Theorem 2.1 [14], applied to the singleton {x}, gives (21)
when

(22) M ≳ max

{
log(2/δ)

ε2p4
,

log2(2/δ)

εp2

}
.

Multiplying the two row-count bounds by the per-row cost gives, up to universal constants,

(23)
Our bound at p :

npGx(δ)2

ε2
log

2

δ
,

Chen–Jin at the same p : nmax

{
log(2/δ)

ε2p3
,

log2(2/δ)

εp

}
.

Both terms in their sparse budget increase as p decreases, so that bound does not certify a benefit
from sparsification. In contrast, at fixed ε and δ, our sufficient flop bound is asymptotically
smaller than the dense benchmark whenever pGx(δ)2 = o(1), for example when Gx(δ) = O(1)
and p = o(1).

Dense fixed-input benchmark. For the fixed-input problem, we use the bound from earlier
work recalled in [8, equation (1)]; see also [5, Theorem 2] for dense Rademacher factors.
Multiplying its row count by the O(dn) cost per dense row gives the sufficient computational
cost

Od

(
n

[
ε−2 log

2

δ
+ ε−1 logd

2

δ

])
.
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For d = 2, this agrees, up to constants, with the dense specialization p = 1 in [14]. Dividing our
sufficient cost scale by the dense benchmark gives, up to constants depending only on d,

pGx(δ)2

1 + ε logd−1(2/δ)
.

Consequently, as n→ ∞, the condition

(24) pGx(δ)2 = o
(

1 + ε logd−1(2/δ)
)

certifies an asymptotically smaller budget than the dense benchmark above.

3. Proofs of the main results

3.1. The replication estimate. Recall the weighted norms MI,J (A), the moment scales
∆I(A; r) from (2), and ℓ(N) = 1 + logN .

Proposition 3.1 (Replication bound). Let A be a real d-tensor and let the mutually independent
inputs satisfy (1). For every r ≥ 2 and N ≥ 1,

(25) ∥ZA(X)∥Lr
≲d

max
I⊆[d]

N |Ic|/2∆I(A; r)

ℓ(N)d
.

Consequently, for every t > 0,

(26) P(|ZA(X)| ≥ t) ≤ 2 exp

−cd min
I⊆[d]

J∈Π(Ic)

(
tℓ(N)d

N |Ic|/2MI,J (A)

)1/κI,J

 , κI,J = |I| + |J | /2.

The parameter N balances two effects. Replication enlarges a norm with k free coordinates
by Nk/2, but the moment comparison gains the divisor ℓ(N)d. In particular, the largest-entry
term, for which k = 0, is not enlarged. We first prove the estimate for integer N , then extend it
by rounding; Section 3.3 chooses N to obtain the main results.

3.2. Proof of the replication estimate. The argument combines a coordinatewise moment
comparison, a known bound for sparse-exponential chaoses, and an exact calculation of how
replication changes the weighted norms.

3.2.1. A scalar comparison and its multilinear consequence. Let ε be a Rademacher sign and
E ∼ Exp(1), independent of each other. The symmetric exponential variable ζ = εE satisfies

Eζm = 0 (m odd), Eζm = m! (m even), E exp(|ζ| /2) = 2.

For an integer N ≥ 1, replace each mode-s coordinate is by (is, us) ∈ [ns] × [N ], and define

a
[N ]
(i1,u1),...,(id,ud)

= ai1,...,id , Y
(s)
i,u = δ

(s)
i,uε

(s)
i,uE

(s)
i,u , δ

(s)
i,u ∼ Bernoulli(p

(s)
i ).

All Bernoulli variables, signs, and exponential variables are mutually independent. The replicated

tensor A[N ] has dimensions n1N × · · · × ndN ; each replica inherits the original probability p
(s)
i .

Lemma 3.2 (Replicated moment comparison). Under the assumptions of Proposition 3.1, for
every even integer r ≥ 2 and integer N ≥ 1,

∥ZA(X)∥Lr
≤ (2

√
e)d

ℓ(N)d
∥ZA[N ](Y )∥Lr

.
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Proof. Step 1: symmetrize the bounded inputs. Let X ′ be an independent copy of the entire input

family and put V
(s)
i = (X

(s)
i −X

′(s)
i )/2. These coordinates are independent and symmetric, and

|V (s)
i | ≤ 1, E(V

(s)
i )2 = 1

2E(X
(s)
i )2 ≤ p

(s)
i .

For each monomial, independence and centering give

EX′

d∏
s=1

(X
(s)
is

−X
′(s)
is

) =
d∏
s=1

X
(s)
is
.

Thus ZA(X) = EX′ZA(X −X ′). Conditional Jensen’s inequality, followed by degree-d homo-
geneity, yields

E|ZA(X)|r ≤ E|ZA(X −X ′)|r = 2drE|ZA(V )|r.
Step 2: compare the scalar moments. Put S

(s)
i =

∑N
u=1 Y

(s)
i,u . For every even integer m ≥ 2,

independence gives the multinomial expansion

E(S
(s)
i )m =

∑
m1+···+mN=m

mu≥0

m!

m1! · · ·mN !

N∏
u=1

E(Y
(s)
i,u )mu .

Terms with an odd mu vanish, and all remaining terms are nonnegative. Keeping the N terms
with one exponent equal to m and all others zero gives

E(S
(s)
i )m ≥ Np

(s)
i m! ≥

p
(s)
i ℓ(N)m

e
.

The second inequality follows from the exponential series: exp(ℓ(N)) = eN ≥ ℓ(N)m/m!. On

the other hand, boundedness gives E|V (s)
i |m ≤ E(V

(s)
i )2 ≤ p

(s)
i . Since em/2−1 ≥ 1, we obtain

(27) E(V
(s)
i )m ≤ E

(√
e S

(s)
i

ℓ(N)

)m
(m ≥ 2 even).

Both sides have vanishing odd moments.
Step 3: replace the coordinates one at a time. Take the comparison variables independent of

V . After conditioning on every coordinate except one, the chaos is a+ bv, where a, b are fixed
real numbers under the conditioning. For symmetric v and even r,

Ev|a+ bv|r =
∑

0≤m≤r
m even

(
r

m

)
ar−mbmEvm.

Both m and r−m are even, so every coefficient is nonnegative. Consequently, (27) allows v = V
(s)
i

to be replaced by
√
e S

(s)
i /ℓ(N) without decreasing the conditional r-th moment. Integrate over

the other coordinates and repeat for the entire finite input family. Every monomial contains
exactly d coordinates, hence

∥ZA(V )∥Lr
≤ ed/2

ℓ(N)d
∥ZA(S)∥Lr

.

Step 4: identify the replicated chaos. Distributing the sums gives the exact identity

ZA(S) =
∑
i

ai

d∏
s=1

(
N∑

us=1

Y
(s)
is,us

)
=
∑
i

∑
u∈[N ]d

ai

d∏
s=1

Y
(s)
is,us

= ZA[N ](Y ).

Combining this with Steps 1 and 3 proves the lemma. □
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3.2.2. The reference bound and the cost of replication. The following specialization of Dai and
Wang [17, Theorem 1] estimates the comparison chaos.

Lemma 3.3 (Sparse-exponential chaos). Let W
(s)
i = δ

(s)
i ξ

(s)
i , where all Bernoulli variables and

amplitudes are mutually independent, δ
(s)
i ∼ Bernoulli(p

(s)
i ), Eξ(s)i = 0, and E exp(

∣∣∣ξ(s)i ∣∣∣ /Kexp) ≤
2. For every real d-tensor A and every r ≥ 2,

(28) ∥ZA(W )∥Lr
≤ CdK

d
exp max

I⊆[d]
∆I(A; r).

Lemma 3.4 (Exact norm scaling). For integer N ≥ 1, evaluate the norms of A[N ] using the

inherited probabilities p
[N ],(s)
(i,u) = p

(s)
i . Then

MI,J (A[N ]) = N |Ic|/2MI,J (A), ∆I(A
[N ]; r) = N |Ic|/2∆I(A; r).

Proof. Fix I, the values of iI , and J ∈ Π(Ic). Write U = Ic and consider the weighted slice

biU = ai
∏
s∈U

√
p
(s)
is
.

The values of the fixed replica indices uI do not affect this slice. If U = ∅, its norm is the
absolute value of one entry, which is unchanged. Assume U ̸= ∅.

For each block J ∈ J , take a test array x
(J)
iJ ,uJ

with Euclidean norm at most one, and set

y
(J)
iJ

= N−|J |/2
∑

uJ∈[N ]J

x
(J)
iJ ,uJ

.

Cauchy–Schwarz, applied to the N |J | replica indices, gives∑
iJ

|y(J)iJ
|2 ≤

∑
iJ ,uJ

|x(J)iJ ,uJ
|2 ≤ 1.

Because the blocks partition U , direct expansion yields∑
iU ,uU

biU
∏
J∈J

x
(J)
iJ ,uJ

= N |U |/2
∑
iU

biU
∏
J∈J

y
(J)
iJ
.

Taking the supremum over admissible x(J) proves that the replicated partition norm is at most
N |U |/2 ∥b∥J . Conversely, for any admissible y(J), take

x
(J)
iJ ,uJ

= N−|J |/2y
(J)
iJ
.

These arrays have the same Euclidean norms as the corresponding y(J), and the preceding
identity gives the reverse inequality. Hence the norm scales exactly by N |U |/2. Maximizing over
the fixed original and replica indices proves the assertion for MI,J ; maximizing over partitions
after multiplying by rκI,J proves the assertion for ∆I . □

3.2.3. Completion of the replication estimate.

Proof of Proposition 3.1. Step 1: even moments and integer replication. Apply the preceding
three lemmas in order, using Kexp = 2:

∥ZA(X)∥Lr
≲d

∥ZA[N ](Y )∥Lr

ℓ(N)d
≲d

maxI⊆[d] ∆I(A
[N ]; r)

ℓ(N)d
=

maxI⊆[d]N
|Ic|/2∆I(A; r)

ℓ(N)d
.
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The first two constants depend only on d.
Step 2: real r and N . Set r̄ = 2⌈r/2⌉ and N̄ = ⌈N⌉. Since r̄ ≤ 2r, N̄ ≤ 2N , and κI,J ≤ d,

rounding increases the numerator by at most 23d/2 and cannot decrease ℓ(N)d. Monotonicity of
Lr-norms therefore proves (25) for real r,N .

Step 3: convert moments into tails. For A = 0, the tail bound is immediate. Otherwise, since
ZA(X) is centered, the standard moment-to-tail implication [22, Proposition 3.3] applied to (25)
gives (26). □

3.3. Choosing the replication level.

Proof of Theorem 1.1. In Proposition 3.1, group the terms by the number k = |Ic| of free
coordinates. The case k = 0 is the largest-entry term ∆[d](A; r) = rdmA, and the maximum over
the terms with k ≥ 1 is Bk(A; r). Thus

(29) ∥ZA(X)∥Lr
≲d

max{rdmA,max1≤k≤dN
k/2Bk(A; r)}

ℓ(N)d
.

To keep the numerator equal to rdmA, it suffices that

Nk/2Bk(A; r) ≤ rdmA for every k, or equivalently N ≤ min
1≤k≤d

(
rdmA

Bk(A; r)

)2/k

.

If λA(r) > 1, its definition makes N = λA(r) the largest admissible common replication level.
Substitution into (29) proves (5) and hence also (4). If λA(r) = 1, use N = 1 instead. Since
ℓ(1) = 1,

max{rdmA,max
k

Bk(A; r)} ≤ rdmA + max
k

Bk(A; r),

which is precisely the right-hand side of (4) in this case. □

Proof of Corollary 1.2. Put q0 = (t/mA)1/d. If ηA(t) = 1, take N = 1 in (26). The entry term

gives the rate q0; every other term gives (t/MI,J (A))1/κI,J . Since ℓ(ηA(t)) = 1, this is exactly
the claimed minimum in (7).

Now suppose ηA(t) > 1, and take N = ηA(t), L = ℓ(N). For I ⊊ [d], write k = |Ic| ≥ 1 and
κ = κI,J . The definition of ηA(t) implies

N ≤

(
mAq

d−κ
0

MI,J (A)

)2/k

, hence Nk/2MI,J (A)qκ0 ≤ t.

Since L ≥ 1 and κ ≤ d,

Nk/2MI,J (A)(q0L)κ

ℓ(N)d
≤ tLκ−d ≤ t.

The entry term satisfies equality: mA(q0L)d/ℓ(N)d = t. Consequently, every rate in (26) is
at least q0L. This proves the stronger estimate P(|ZA(X)| ≥ t) ≤ 2e−cdq0L, which implies (7)
because its displayed minimum is at most q0L. □

For the quadratic corollary we also need forward decoupling for diagonal-free polynomials [18,
Theorem 1]. If A is diagonal-free and QA(X) =

∑
i aiXi1 · · ·Xid , then

P(|QA(X)| ≥ t) ≤ CdP
(∣∣∣ZA(X(1), . . . , X(d))

∣∣∣ ≥ t/Cd

)
,

∥QA(X)∥Lr
≲d

∥∥∥ZA(X(1), . . . , X(d))
∥∥∥
Lr

, r ≥ 2,
(30)
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where the input vectors on the right are independent copies. Only the forward inequality is used;
it does not require symmetry of A. The moment comparison follows by integrating the cited tail
inequality, with a constant depending only on d.

Proof of Corollaries 1.3 and 1.4. Step 1: reduce the quadratic form to the decoupled bound. The
zero diagonal allows us to apply the moment comparison in (30) to QA(X) = XTAX. Combining
it with (25) gives the same common-N moment estimate for the quadratic form, with a different
universal constant. The same moment-to-tail implication and choices of N therefore give the
same moment and tail conclusions for QA. In particular, decoupling is applied before the
moment-to-tail conversion, so its constants do not change the arguments of λA or ηA. The cubic
chaos is already decoupled and needs no such step.

Step 2: identify all non-entry norms. For d = 2, fixing one coordinate leaves a weighted row
or column. Symmetry of A makes their maximal Euclidean norms equal to ∥ADp∥2,∞. With

neither coordinate fixed, the one-block partition gives the Frobenius norm of DpADp, and the
two-block partition gives its operator norm. Since κ = 2 − k + |J |/2, this yields

B1(A; r) = r3/2 ∥ADp∥2,∞ , B2(A; r) = max{
√
r ∥DpADp∥F , r ∥DpADp∥op}.

For d = 3, a slice with k free coordinates has weight pk/2, and κ = 3 − k + |J |/2. With one
free coordinate, the slices are vectors, so the only partition gives V1 with exponent κ = 5/2.
With two free coordinates, the slices are matrices: the one-block partition gives their weighted
Frobenius norm V2, with κ = 3/2, while the two-block partition gives their weighted operator
norm W2, with κ = 2.

With all three coordinates free, one block gives the weighted Frobenius norm V3, with κ = 1/2;
two blocks give the weighted matrix-flattening norms, whose maximum is W3, with κ = 1; and
three blocks give the weighted injective norm I3, with κ = 3/2. These scales already include the
maxima over the applicable fixed coordinates and choices of modes. Therefore

B1(A; r) = r5/2V1,

B2(A; r) = max{r3/2V2, r2W2},
B3(A; r) = max{

√
r V3, rW3, r

3/2I3}.

Step 3: bound the replication parameter. Each non-entry term above has the form rκM , where
k ≥ 1 coordinates remain free. The corresponding term in γd(A) is exactly (M/mA)1/(d−κ).
Thus M ≤ mAγd(A)d−κ. For u = r/γd(A) ≥ 1, the associated candidate in the minimum
defining λA(r) satisfies (

rdmA

rκM

)2/k

≥ u 2(d−κ)/k ≥ u.

The last inequality uses d− κ = k − |J |/2 ≥ k/2, because |J | ≤ k. Taking the minimum over
all terms proves λA(r) ≥ r/γd(A). If r ≥ max{2, eγd(A)}, this lower bound is strictly greater
than one, and

ℓ(λA(r)) ≥ 1 + log(r/γd(A)).

Substitution into (5) proves both stated moment bounds.

Step 4: expand the tail rates. Put q0 = (t/mA)1/d. For a non-entry scale M , its candidate in
the definition of ηA(t) is (

mA

M

(
t

mA

)1−κ/d
)2/k

=

(
mAq

d−κ
0

M

)2/k

.
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If q0/γd(A) ≥ 1, the calculation in Step 3, with r replaced by q0, bounds every candidate below
by q0/γd(A). Otherwise the cutoff in ηA(t) gives the bound one. Hence, for every t > 0,

ηA(t) ≥ 1 ∨ (t/mA)1/d

γd(A)
.

This is an algebraic comparison and does not require q0 ≥ 2. Finally, the non-entry rates in (7)

are (t/M)1/κ. For d = 2, their exponents are 2/3, 2, 1, respectively; for d = 3, the corresponding
exponents are 2/5, 2/3, 1/2, 2, 1, 2/3. Inserting these rates and the lower bound on ηA(t) proves
(10) and (13). □

4. Proofs for sparse Khatri–Rao embeddings

The proof has two parts. First, the replication estimate controls the moments of one sketch
row through the geometry factor Gx(δ). Second, independence across rows turns this finite
range of moment bounds into concentration of the average squared norm. A net argument then
gives the subspace guarantee.

Proof of Proposition 2.1. Fix x ̸= 0 and 0 < δ < 1. Write R = log(e2/δ) > 2, so the parameter
in the definition of Gx(δ) is q = 2R.

Step 1: identify the mean and the independent summands. For each row put

Zm(x) =
√
M(Φx)m = p−d/2

∑
i∈[n]d

xi

d∏
s=1

ξ
(s)
mis

.

The variables Z1(x), . . . , ZM (x) are independent and identically distributed because they use

disjoint, identically distributed families of sketch entries. For fixed s,m, E[ξ
(s)
miξ

(s)
mj ] = p1{i=j}.

Expanding the square and using independence across modes gives

EZm(x)2 = p−d
∑
i,j

xixj

d∏
s=1

E[ξ
(s)
mis

ξ
(s)
mjs

] =
∑
i

x2i = ∥x∥2F .

Consequently,

∥Φx∥22 =
1

M

M∑
m=1

Zm(x)2, E ∥Φx∥22 = ∥x∥2F .

Step 2: control one row up to moment order q. Fix 2 ≤ r ≤ q, and set ρ = ρx(δ). The sketch
entries are centered, bounded by one, and have variance p. Apply Proposition 3.1 with coefficient
tensor x and replication level N = ρ. Writing U = Ic, the normalization p−d/2 in Zm(x) and

the weight p|U |/2 in MI,J (x) give

∥Zm(x)∥Lr
≤ Cd
ℓ(ρ)d

max
U⊆[d]

J∈Π(U)

[
ρ|U |/2rd−|U |+|J |/2p−(d−|U |)/2 max

iUc
∥xiU ∥J

]
.

We square this estimate and divide by r to compare its terms with the scales a0, . . . , ad.
If U = ∅, the term before the common divisor ℓ(ρ)2d is

r2d−1p−d ∥x∥2∞ ≤ a0.

If k = |U | ≥ 1 and J has one block, its norm is the slice Frobenius norm. Its contribution is at
most

ρkr2(d−k)p−(d−k) max
iUc

∥xiU ∥
2
F ≤ ρk

(
q2

p

)d−k
max
iUc

∥xiU ∥
2
F .
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Finally, suppose j = |J | ≥ 2. Partition norms increase when blocks are merged [17, Section 2],
so

∥xiU ∥J ≤ max
∅̸=V ⊊U

∥xiU ∥{V,U\V } .

Since j ≤ k and 2 ≤ r ≤ q,

r2(d−k)+j−1 ≤ q2(d−k)+k−1.

The resulting contribution is therefore bounded by

ρk
(
q2

p

)d−k
qk−1 max

iUc

∅̸=V ⊊U

∥xiU ∥
2
{V,U\V } .

These last two bounds are precisely the two parts of ρkak. It follows that

∥Zm(x)∥2Lr

r
≤ Cd

max{a0, ρa1, . . . , ρdad}
ℓ(ρ)2d

≤ CdGx(δ) ∥x∥2F .

For the last inequality, if ρ > 1, its definition gives ρkak ≤ a0 for every k ≥ 1. If ρ = 1, the
quotient is simply max0≤k≤d ak, which appears in the definition of Gx(δ). We have proved

(31) ∥Zm(x)∥Lr
≲d

√
rGx(δ) ∥x∥F , 2 ≤ r ≤ q = 2R.

Step 3: center and average the squared rows. Put Ym = Zm(x)2 − EZm(x)2. These variables

are independent, identically distributed, and centered. Also Gx(δ) ≥ 1, because ad ≥ ∥x∥2F. For
2 ≤ s ≤ R, Step 2 applies at order 2s ≤ q, so

(32)
∥Ym∥Ls

≤ ∥Zm(x)∥2L2s
+ EZm(x)2

≤ CdGx(δ)s ∥x∥2F .

By Lata la’s moment estimate and its centered extension by symmetrization [32, Corollary 2
and Remark 2], if ∥Y1∥Ls

≤ Ks for 2 ≤ s ≤ R, then

(33)

∥∥∥∥∥ 1

M

M∑
m=1

Ym

∥∥∥∥∥
LR

≲
1

M
sup

max{2,R/M}≤s≤R

R

s
(M/R)1/s ∥Y1∥Ls

≲ K

{√
R

M
+
R

M

}
.

Here (M/R)1/s ≤ max{1,
√
M/R} for s ≥ 2, so only moments through order R are needed.

Applying (33) with K = CdGx(δ) ∥x∥2F bounds the LR-norm of ∥Φx∥22 − ∥x∥2F.
Step 4: obtain the failure probability and row count. Markov’s inequality at e times this

LR-bound gives

P

(∣∣ ∥Φx∥22 − ∥x∥2F
∣∣ > CdGx(δ) ∥x∥2F

{√
R

M
+
R

M

})
≤ e−R = δ/e2 ≤ δ.

Since R ≍ log(2/δ), division by ∥x∥2F proves (18). For the relative-error assertion, suppose
M ≥ C0Gx(δ)2ε−2R. Then

Gx(δ)

√
R

M
≤ ε√

C0
, Gx(δ)

R

M
≤ ε2

C0Gx(δ)
≤ ε

C0
,



20 GUOZHENG DAI, YIYUN HE, KE WANG, AND YIZHE ZHU

where Gx(δ) ≥ 1 and ε ≤ 1 were used. Choosing C0 sufficiently large in terms of d proves (19).
Step 5: pass from one tensor to a subspace. The case W = {0} is immediate. Otherwise,

choose a 1/4-net N of its unit sphere with |N | ≤ 9k [43, Corollary 4.2.13]. Apply the fixed-vector
result on N with error ε/2 and failure probability δ/9k. The assumed bound on the geometry
factors and log(2 · 9k/δ) = k log 9 + log(2/δ) show that the stated row count suffices. A union
bound therefore gives, with probability at least 1 − δ,

sup
v∈N

∣∣ ∥Φv∥22 − 1
∣∣ ≤ ε/2.

For the self-adjoint operator T = (Φ|W )∗(Φ|W )− IW , the net bound [43, Exercise 4.4.3(b)] yields

∥T∥op ≤ 2 sup
v∈N

|⟨Tv, v⟩| ≤ ε.

This is the asserted norm preservation on W . □

Appendix A. Moment bounds beyond the bounded decoupled setting

A.1. Bounded non-decoupled chaoses. For a diagonal-free polynomial, decoupling replaces
the repeated input vector X by independent copies X(1), . . . , X(d), at a cost depending only on
the degree. Every copy of Xi inherits the same variance proxy pi. Throughout this subsection,

evaluate MI,J (A), Bk(A; r), and λA(r) with p
(s)
i = pi.

Proposition A.1 (Bounded non-decoupled moment bound). Let A = (ai1,...,id) be a nonzero
real diagonal-free d-tensor: ai1,...,id = 0 whenever two indices coincide. Let X1, . . . , Xn be
independent, with

EXi = 0, |Xi| ≤ 1 a.s., EX2
i ≤ pi, 0 < pi ≤ 1,

and define

QA(X) =
n∑

i1,...,id=1

ai1,...,idXi1 · · ·Xid .

Writing mA = ∥A∥∞, for every r ≥ 2 we have

(34) ∥QA(X)∥Lr
≲d max

1≤k≤d
Bk(A; r) +

rdmA

ℓ(λA(r))d
.

When λA(r) > 1, this improves to

(35) ∥QA(X)∥Lr
≲d

rdmA

ℓ(λA(r))d
.

Proof. Let X(1), . . . , X(d) be independent copies of X. By the forward decoupling inequality
(30),

∥QA(X)∥Lr
≲d

∥∥∥ZA(X(1), . . . , X(d))
∥∥∥
Lr

.

The copied family satisfies (1) with p
(s)
i = pi, so both conclusions follow directly from Theorem 1.1

and its effective form (5). In particular, the individual variance bounds, and hence all weighted
norms and λA(r), are unchanged. No symmetry of A is needed for forward decoupling. □

For d = 2, this is the quadratic form XTAX with zero diagonal, as used in Corollary 1.3.
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A.2. Sparse ψα inputs. Let 1 < α ≤ ∞, with 1/∞ = 0, and put β = 1 − 1/α ∈ (0, 1]. For
finite α, use the standard Orlicz norm

∥ξ∥ψα
= inf

{
K > 0 : E exp

(
(|ξ|/K)α

)
≤ 2
}

; ∥ξ∥ψ∞
= ∥ξ∥L∞

.

The cases α = 2 and α = ∞ correspond to sub-Gaussian and bounded amplitudes. Relative to
the exponential reference law, their smaller moments yield a logarithmic gain of power β per
mode.

Proposition A.2 (Bennett-type bound for sparse sub-exponential chaoses). Let K > 0 and

X
(s)
i = δ

(s)
i ξ

(s)
i , where all Bernoulli random variables and amplitudes are mutually independent

and

δ
(s)
i ∼ Bernoulli(p

(s)
i ), 0 < p

(s)
i ≤ 1, Eξ(s)i = 0,

∥∥∥ξ(s)i ∥∥∥
ψα

≤ K.

For a nonzero real rectangular tensor A, evaluate MI,J (A), Bk(A; r), and λA(r) using the
Bernoulli probabilities, and write mA = ∥A∥∞. Then, for every r ≥ 2,

(36) ∥ZA(X)∥Lr
≲d K

d

[
max
1≤k≤d

Bk(A; r) +
rdmA

ℓ(λA(r))dβ

]
.

When λA(r) > 1,

(37) ∥ZA(X)∥Lr
≲d

KdrdmA

ℓ(λA(r))dβ
.

The constants are uniform over 1 < α ≤ ∞. The same bounds hold for QA(X) when A is diagonal-
free, the Bernoulli random variables and centered amplitudes satisfy the same assumptions, and

p
(s)
i = pi.

These norms use Bernoulli probabilities. For unbounded amplitudes, p
(s)
i need not itself bound

E(X
(s)
i )2; the amplitude scale is carried by Kd. The reference law remains exponential, so the

coefficient scales and the choice λA(r) stay the same. Only the power of the logarithm changes.

Proof. By homogeneity, first take K = 1. For finite α > 1 and integers m ≥ 2, the Orlicz

assumption gives E|ξ(s)i |αm ≤ 2m!. Thus

(38) E|X(s)
i |m = p

(s)
i E|ξ(s)i |m ≤ p

(s)
i (2m!)1/α ≤ 2p

(s)
i (m!)1−β.

For α = ∞, boundedness gives E|X(s)
i |m ≤ p

(s)
i , so the same bound holds.

As in the proof of Lemma 3.2, put V = (X − X ′)/2, where X ′ is an independent copy

of X. Symmetrization gives ∥ZA(X)∥Lr
≤ 2d ∥ZA(V )∥Lr

, and convexity gives E|V (s)
i |m ≤

E|X(s)
i |m. For integer N ≥ 1, let S

(s)
i =

∑N
u=1 Y

(s)
i,u be the sparse-exponential replica sums from

Section 3.2.1, independent of V , with inherited probabilities p
(s)
i . The same scalar calculation

gives E(S
(s)
i )m ≥ Np

(s)
i m! for even m ≥ 2. Consequently,

E|V (s)
i |m

E(S
(s)
i )m

≤ 2

N(m!)β
≤ 2eβ

ℓ(N)mβ
≤

( √
2e

ℓ(N)β

)m
,

where N(m!)β ≥ (Nm!)β ≥ e−βℓ(N)mβ. This replaces the scalar comparison in the proof of
Lemma 3.2; its coordinate-replacement argument therefore yields, for even r,

∥ZA(X)∥Lr
≤ (2

√
2e)d

ℓ(N)dβ
∥ZA[N ](Y )∥Lr

.
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Applying Lemmas 3.3 and 3.4 and restoring K gives

(39) ∥ZA(X)∥Lr
≲d K

d

max
I⊆[d]

N |Ic|/2∆I(A; r)

ℓ(N)dβ
.

The rounding argument in Section 3.2.3 extends this estimate to all real r ≥ 2, N ≥ 1. Now
choose N = λA(r) when λA(r) > 1, and N = 1 otherwise, exactly as in the proof of Theorem 1.1.
The numerator is unchanged, so this proves both moment bounds. All constants are uniform
in α: the scalar comparison uses the fixed constant

√
2e, and the remaining steps use only

0 < β ≤ 1.
For the non-decoupled assertion, apply the moment comparison in (30) and then the preceding

bounds. Each independent copy retains the selector probability pi and amplitude bound K. □

product with a Bernoulli random variable is not essential. For example, independent The
proof only used scalar moment bounds, so a representation as a centered inputs satisfying

|X(s)
i | ≤ K a.s., E(X

(s)
i )2 ≤ K2p

(s)
i

obey E|X(s)
i |m ≤ Km−2E(X

(s)
i )2 ≤ Kmp

(s)
i . The proof therefore applies with β = 1, recovering

Theorem 1.1 when K = 1. At the other endpoint, β = 0 gives the sparse-exponential estimate
with no logarithmic gain.

Tail bound in the logarithmic regime. Let ηA be defined by (6), using the Bernoulli
probabilities. Under Proposition A.2, whenever ηA(t/Kd) ≥ e,

(40) P
(
|ZA(X)| ≥ t

)
≤ 2 exp

[
−cd

(
t

KdmA

)1/d

ℓ
(
ηA(t/Kd)

)β]
.

The same bound holds for QA(X) under the non-decoupled assumptions. Thus the logarithm
enters the tail rate with power 1/2 for sub-Gaussian amplitudes and power one for bounded
amplitudes.

Proof. We adapt the proof of Corollary 1.2, putting

w =

(
t

KdmA

)1/d

, N = ηA(t/Kd), L = ℓ(N).

Since N > 1, its definition gives, for every I,J ,

KdN |Ic|/2MI,J (A)wκI,J ≤ t,

with equality for the entry term. Choose r = cwLβ, where 0 < c ≤ 1 depends only on d. If
r ≥ 2, (39) implies

∥ZA(X)∥Lr
≤ Cdtmax

I,J
cκI,JLβ(κI,J−d) ≤ Cd

√
c t,

because 1/2 ≤ κI,J ≤ d. Taking c sufficiently small and applying Markov’s inequality gives the

claimed rate wLβ. If r < 2, the bound is trivial after decreasing cd, as in Section 3.2.3. For
QA(X), apply the moment comparison (30) before Markov’s inequality and absorb its constant
into c; the argument t/Kd of ηA remains unchanged. □
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[11] Z. Bujanović, L. Grubǐsić, D. Kressner, and H. Y. Lam. Subspace embedding with random Khatri–Rao

products and its application to eigensolvers. IMA Journal of Numerical Analysis, 46(3):1328–1355, 2026.
[12] S. Chatterjee. The missing log in large deviations for triangle counts. Random Structures & Algorithms,

40(4):437–451, 2012.
[13] S. Chatterjee. An introduction to large deviations for random graphs. Bulletin of the American Mathematical

Society, 53(4):617–642, 2016.
[14] K. Chen and R. Jin. Tensor-structured sketching for constrained least squares. SIAM J. Matrix Anal. Appl.,

42(4):1703–1731, 2021.
[15] X. Chen and Y. Yang. Hanson–Wright inequality in Hilbert spaces with application to K-means clustering

for non-Euclidean data. Bernoulli, 27(1):586–614, 2021.
[16] G. Dai, Y. He, K. Wang, and Y. Zhu. A note on the improved sparse Hanson–Wright inequalities. arXiv

preprint arXiv:2505.20799, 2025.
[17] G. Dai and K. Wang. Sparsity-adaptive concentration inequalities for random polynomials. arXiv preprint

arXiv:2606.24090v1, 2026.
[18] V. H. de la Peña and S. J. Montgomery-Smith. Decoupling inequalities for the tail probabilities of multivariate

U-statistics. The Annals of Probability, 23(2):806–816, 1995.
[19] R. DeMarco and J. Kahn. Tight upper tail bounds for cliques. Random Structures & Algorithms, 41(4):469–487,

2012.
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